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Abstract

We give sufficient conditions in terms of resolvents implying the stability of the essential
or critical spectra of perturbed Cy-semigroups on Hilbert spaces. We also show how these
results apply to transport theory.
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1 Introduction

Let T be the generator of a Cy-semigroup (U(t));>0 on a Banach space X and K € L(X),
i.e. a linear bounded operator on X. Let (V(t)):>0 be the Cp-semigroup generated by 7'+ K.
It is given by the Dyson-Phillips expansion

Vit =3 U, (L1)

Jj=0

where
Uo(t) =U(t), Ujsi(t) = /Uj(t — $)KUy(s)ds (j > 0).
0

It is known that
the compactness of Uy (t) for all t > 0 (1.2)

implies the stability of the essential spectrum, i.e. gess5(V (1)) = 0ess(U(%)), if £ = 1 and the
stability of the essential type, i.e. wess(V(+)) = wess(U(+)), if & > 1 (see [17, 24, 29, 30, 31]).
On the other hand,

the norm continuity of 0 < t — Uy (t) (1.3)

ensures the stability of the critical spectrum, i.e. oeit(V(t)) = 0cit(U(t)), when & = 1
and the stability of the critical type, i.e. werit(V(+)) = werit(U(+)), when k& > 1 (see [3] for



these stability results, and [21] for the properties of the critical spectrum of Cp-semigroups in
Banach spaces). Actually, (1.2) and (1.3) are linked by S. Brendle’s result:

Theorem 1.1. [2, Theorem 3.2] Let v > wo(U(+)) and k € N. Then the following statements
are equivalent.

o Uy(t) is compact for all t > 0.

e 0 <t Ug(t) is norm continuous and R(v + iy, T)(KR(v + iy, T))* is compact for all
v eR.

Naturally, an interesting problem is: what conditions, in terms of the resolvents of the
generators, imply the norm continuity of 0 < ¢ +— Ug(t)? When the underlying space is a
Hilbert space, by the use of a technique of O. El-Mennaoui and K. J. Engel [7], a sufficient
condition was given by S. Brendle:

Theorem 1.2. /2, Theorem 3.1] Assume that X is a Hilbert space. Let v > wo(U(+)) and
keN. If
IR(v + iy, T) (K R(v + v, T))*| = 0 as |y| — oo (1.4)

then 0 <t + Ugya(t) is norm continuous.

We note that an assumption like (1.4) together with a compactness of some iterate of
R(\, T)K allowed D. Song [25], via Gearhart’s results [8], to obtain the following estimate for
the essential type: wess(V(+)) < wo(U(+)). That result was also applied by K. Latrach and B.
Lods [13] to transport equations. It is clear that we cannot deal with the norm continuity of
0 < t+ Ujy(t) by means of Theorem 1.2. In [35] Q. C. Zhang and F. L. Huang characterize
the norm continuity of 0 < ¢t — V(¢) — U(¢) (this is equivalent to the norm continuity of
0 <t Ui(t) [17, Theorem 2.7, p. 18]):

Theorem 1.3. [35] Assume that X is a separable Hilbert space. Let v > wo(U(+)). Then
0 <t~ V(t)—U(t) is norm continuous if and only if

IR(v +i7, T)KR(v + i, T)]| — 0 as |7] — oo (1.5)
sup / [[\R(yii’y,T)KR(yiiry,T)x I2
Jall<1

A

+H|R(v £ iy, THK*R(v + iy, T*)z ||* |dy — 0 as A — oc. (1.6)

For a further generalization of this result see [14]. The condition (1.6), of integral type, is not
easy to check in practice. However, the authors of [35] mentioned a result due to J. G. Peng
et al which gives directly the compactness of V' (t) — U(t), namely:

Theorem 1.4. [22] Assume that X is a separable Hilbert space. If
R\, T)KR(\T) is compact for X\ € p(T')
and

lim ||R(v+ iy, T)?K|| + |R(v +iv, T)KR(v +iv,T)|| + | KR(v + iy, T)?| =0, (1.7)

Iy|—=+o0

then V (t) — U(t) is compact for all t > 0.



We give here sufficient conditions implying the norm continuity of 0 < ¢ +— U (¢). More
precisely, we show in Lemma 2.1 that if for some m € N* and some v > wo(U(+))

m
(Am) Y B + iy, TV KR(v + iy, T)™" || = 0 as 7| — oo,
1=0

then 0 < ¢ +— Uj(t) is norm continuous. This result is proved by adapting mathematical
techniques used in Brendle’s paper [2]. Note that (Az) corresponds to (1.7). Motivated by
problems arising in transport theory [15], we reformulate in Corollary 2.9 condition (Aj) in
another way, when T is dissipative, namely:

|K*R(v + iy, T)K|| + |KR(v + iv, T)K*|| — 0 as |y| — oo.

The above results enable us to derive some stability results on essential or critical spectra
of perturbed semigroups. In the last section, we show how the results obtained in Section
2 apply to transport equations with vacuum boundary conditions (transport equations with
boundary operators are dealt with in [15]). We consider the integro-differential equation
which governs the distribution of neutrons in a nuclear reactor

2 (wv0a0) + 0+ G2 wont) + ool v 0) — [ Koo el D) =0 (1)
\%

with initial and boundary conditions
‘P(l’ﬂho) :900(‘%‘77))) w‘r_(‘a‘vt) 207 (19)

where (2,v) € Q x V,  is a smooth open subset of RN (N > 1) and V (the velocity space)
is a support of a positive Radon measure y on RY. Here

' ={(z,v) €900 xV; v-n(zx) <0},

where 7(x) is the unit outward normal at € 9. The collision frequency o(-,-) € L*(Q2x V)
is a non-negative function while k(-,-,-) is the scattering kernel. The unbounded operator,
called the streaming operator,

T:D(T)>¢p+— —v- ggo —o(z,v)p(x,v)
x

with domain

D(T)={pec L*QxV); v- Z‘; € L*(QxV), gr_ =0}

is the infinitesimal generator of the so-called streaming Cp-semigroup (U (t))¢>0 given by

R
e~ Oto(x—sv,v)dsgo(x — tu, ’U) ift < T(:L‘, U),
0 otherwise,

where 7(z,v) = inf {s > 0; (z — sv) ¢ Q} . Moreover, if the collision operator

K:L*QxV)3¢— /k(m,v,v')gp(:p,v')du(v') e L’ (QxV) (1.10)
v
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is bounded on L?(Q x V'), then T + K generates a Cyp-semigroup (V (t)):;>o which solves the
evolution problem (1.8)-(1.9). Many authors studied the compactness of terms of the Dyson-
Phillips expansions when € is bounded, we quote the contributions of K. Jorgens [11], I.
Vidav [27], G. Greiner [9], J. Voigt [30], P. Takac [26], L. Weis [31], M. Mokhtar-Kharroubi
[16][17, Chapter 4] etc... Typically, Ua(t) (or equivalently Rs(t)) is compact for a large class
of collision operators. It is only recently that the compactness of Uj(t) was proved by M.
Mokhtar-Kharroubi [19]. On the other hand, in unbounded domains, due to the lack of
compactness, it turned out in [20] that the critical spectrum and the norm continuity of (1.3)
are the relevant tools to the spectral analysis of (V(¢));>0. It was shown that 0 < t — U;(¢) is
norm continuous under fairly general assumptions. In this section we show how our functional
analytic results provide a new approach to those results and allow also to improve some of
them. We note that the essential and critical spectra of (U(t))i>0 are known [19, Remark 2]
and [20]. Firstly, we single out a general class of measures p and collision operators K under
which the condition (A7) holds. We prove, for bounded spatial domains, that

Oess(V (1)) = 0ess(U(t))  (VE = 0).

As announced before, this result was already proved by M. Mokhtar-Kharroubi [19] by inves-
tigating the compactness of Uy (t) directly. We also show

Oerit(V (1)) = 0erie(U(t))  (VE>0) (1.11)

under much more general assumptions than in [20], where (1.11) was established by studying
the norm continuity of 0 < ¢ +— Uj(t) directly. In particular, we answer positively some open
problems posed in [20]. Our mathematical analysis relies on density arguments and Fourier
analysis. We end up the last section by investigating more general collision operators and
show thus how powerful is the resolvent approach in transport theory.

2 Norm continuity of 0 < ¢+ U;(¢) in Hilbert spaces

From now on X is a Hilbert space and we denote it by H. Our first result in this section
is the following basic lemma:

Lemma 2.1. Assume there exist v > wo(U()) and m € N* such that
(Am)  ||R(v+iv, TY'KR(v +ivy, T)™ | — 0 as |y] — oo fori=0,1,--- ,m.
Then 0 < t +— Uy (t) is norm continuous.
A first consequence of this lemma is the following stability result of the critical spectrum.
Theorem 2.2. Assume there exist v > wo(U(-)) and m € N* such that
|R(v 4 iy, T KR(v + iy, T)" || = 0 as |y| — oo fori=0,1,---,m.
Then ocerit(V (1)) = ocerie(U(t)) fort > 0.

Proof. According to [3, Theorem 4.5], if 0 < ¢ +— V/(¢) — U(t) is norm continuous, then
the two semigroups have the same critical spectrum. On the other hand we know, by [17,



Theorem 2.7, p 18], that 0 < ¢+ V(t) — U(t) is norm continuous if and only if 0 < ¢ — Uy (¥)
is. Then the theorem follows from Lemma 2.1. |

A second consequence of Lemma 2.1 is the following stability result of the essential
spectrum.

Theorem 2.3.  Assume there exist v > wo(U(-)) and m € N* such that
o |R(v+iv, T)'KR(v+iv, T)™ | — 0 as |y| — oo fori=0,1,--- ,m.
e R(v+1ivy,T)KR(v +iv,T) is compact for all v € R.

Then cess(V(t)) = 0ess(U(t)) for all t > 0.

Proof. It is well known that two bounded operators whose difference is compact have the
same essential spectrum. Actually, by [17, Theorem 2.6, p. 16], the difference V' (t) — U(t)
is compact for all ¢ > 0 if and only if Uj(¢) is, which, by Theorem 1.1, is equivalent to
0 <t +— Uj(t) being norm continuous and R(v + v,T)KR(v + 7, T) being compact for all
v € R (v > wo(U(-))). Summarizing all that, the proof is an immediate consequence of
Lemma 2.1. |

Our proof of lemma 2.1 is inspired and adapted from [2]. Before giving it, we recall some
facts. We start with

Lemma 2.4. [28] For allt,s > 0 and p € N we have the following identity

P
Up(t+5) =D Uij(t)Up—;(s).
§=0
Using this lemma we can define a new Cp-semigroup on the Hilbert space H := H x H.
- 1) Ui
[ Uo(t) Up(t
U = ( 0 Uo(t) )
for all ¢ > 0, then (U(t))s>0 is a Cp-semigroup with generator

T K
=(h7)
and domain D(T) = D(T') x D(T). The resolvent of T is given by

[ R\T) R\ T)KR(A\T)
RMJ)_( 0 R(A\,T) )

for ReA > wo(U(+)) (see [2]).
The following lemma provides a representation of U; () in terms of the resolvent. It contains
an essential piece of analysis for the proof of Lemma 2.1.

Lemma 2.5. Let v > wo(U(:)) and n € N*. For allx € H,
A n
lim [ e® ! Z R(v +ivy, T) "' KR(v 4 iy, T)" " ady,

- 2t A—oo £
“a =0

n!

U1 (t)a:

where the integrals converge uniformly for t € R.



Proof.  Let n € N*. By [33, Theorem 1.1], for all Kk € H

A
n! -
— : (v+iy)t . n+1
U(t)k Sy Algr;) / e R(v + iy, T)"" kdy,
—A

where the integrals converge uniformly for ¢ € R. By considering the components of U(t)x
and R(v +i7y,T)" 1k the result follows. [

Now we are ready to give the:

Proof of Lemma 2.1.  Let v > wy(U(-)). Define the operator U{'(t) on H as follows

U (t

= 2imn / N R(v + iy, TV K R(v + i, T)" Ly,

We are going to show that
1UL(£) = U (t)]| — 0 as A — +o0 (2.1)
uniformly for ¢ € [6, §] (§ > 0) and that, for each A > 0,
0 <t Ut) e L(H) (2.2)

is norm continuous. Let us show (2.1). According to Lemma 2.5 we have

I L : .
(U1 (t) - U (t)x = 2;”% / VN Ry 4 iy, T) UK R(v + iy, T)™ sy,
=0

[v[>A

Let x, * € H, using Cauchy-Schwartz’s inequality and Plancherel’s theorem [10, Lemma 2],
we obtain

i S (1) - U 1)), 2%)]

[(R(v + iy, T) M K R(v + iy, T)™ ", ) dy

IA
VS~ 3

Ms »;»Ms

[(R(v + iy, T)'KR(v + iy, T)" "R(v + i, T)z, R(v — iry, T*)wx)|dy

m

< Z sup ||R(v +iv, T)'KR(v + iy, T)™ |
i—o V[>4

1 1
<[ [ IR+ i, el | / B — i, T2 ]



m
= > sup |R(v+iv,T)'KR(v +iv, T)™"|
i—0 >4

+o00 1 +o0 1
X [\/ﬂ / e*ZVSHU(s)a:Hst] 2 [\/27r / e 28| U* (5)x*||?ds :
0 0

m
< 27f02|s|ug1 IR(v + i, TY K R(v + iy, T)™ | ] |2
i=0 171>

where C' is some positive constant. Thus

Cm)!
tm

m
> sup R+ i, TV KR + 7, T)" |
1=0 |’Y|>A

o2 (t) = U ()] <

which, by assumptions, converges to zero as A goes to infinity uniformly for ¢t € [4, %] It

remains to prove (2.2). To this end, let ¢ > 0. We have

1D g

2mt™ 4
m A

< Z|S|u<134 |R(v + iy, T) ' KR(v + iy, T)™ | / |e@HME+h) _ o4t gy
i=0 171= “a

One sees that the last term tends to zero as h goes to zero. The proof is now achieved. N

Remark 2.6. Lemma 2.1 is in the spirit of the result proved by P.You [34], which char-
acterizes the norm continuous semigroups in Hilbert spaces in terms of the resolvent of their
generators. The technique we use in the proof is due to O. El-Mennaoui and K. J. Engel [7]
(see also [1, Theorem 3.13.2, p. 205]).

Remark 2.7. For m = 2, Theorem 2.3 coincides with Theorem 1.4.

Under the dissipativity of 7', we can reformulate (A1) in more workable form in some
cases (see Section 3.2 and [15]). Let v > 0. The following lemma shows that, under the
dissipativity of T', one can control the asymptotic behaviour of ||R(v + iy, T)K]|| in the axis
Re) = v by that of | K*R(v+iv,T)K ||, and accordingly the asymptotic behaviour of || K R(v+
iv,T)| by that of | KR(v + iy, T)K*||.

Lemma 2.8. Assume that T is dissipative. Then for v > 0

VUIR( +i7, TK| < VIK*R(v +i7, T)K]| (2.3)
and
VUIKR( +iv,T)| < VIIKR(v + iy, T) K. (2.4)
Proof. Since T is dissipative,
{A=T)y,y)l = Re{(A—T)y,y)
> Rely|?

J



for all y € D(T'), where (-, -) stands for the scalar product in H. In particular, for A = v + iy
and y = R(v + iy, T)Kz with z € H

V[IR(v + iy, T)Kz||” < [(Kz,R(v +iv,T)Kx)|
= |{z, K*R(v +i7,T)Kx)|
<

I R(v + iy, T) K ||| ]|

which shows (2.3). Inequality (2.4) follows by duality. Indeed, since T™ is dissipative, by (2.3)
we obtain

VVIKR(v +iy,T)| = Vv|R(v—iy, T*")K"|
< VKR — i, T*)K*||
= V|IKR(v+iv,T)K*|,

which ends the proof. [ ]

Taking into account of (2.3) and (2.4), it follows from Lemma 2.1:

Corollary 2.9. Assume that T is dissipative and that for some v > 0
|\K*R(v+iv, T)K|| -0 and ||[KR(v+ iy, T)K*|| =0 as|y| — oo,
then 0 <t +— U;(t) is norm continuous.

Remark 2.10. Actually, Lemma 2.8 remains true if we assume that 7" is sum of a dissi-
pative operator 77 and a bounded operator B. In this case we can prove that for v > || B||,

Vv = IBDIR(v + iy, T)K|| < /IIK*R(v + iy, T)K[| and /(v — [ BI)|KR(v +iv, T)|| <

VIIKR(v +iv,T)K*|. Indeed, Since T} is dissipative,

[{((A=T1 = B)y,y)|

> Re((A\—T1 — B)y,y)
> ReM|yl|*> — Re(By,y)
> (Rex — | B|)lly|

for all y € D(T). By taking A = v + iy with v > ||B|| and y = R(v + i, T)Kz with x € H
we get

V(= IBDIR( + iy, T)Kz| < VIIK*R(v + iy, T) K| |l]].

The second inequality follows by duality. Consequently, if 7' = T7 + M with T7 is dissipative
operator and B is bounded and if for some v > || B||,

|IK*R(v + iy, T)K| — 0 and |KR(v+ivy,T)K*|| — 0 as |y| — oo,

then 0 <t — Uj(t) is norm continuous.



3 Application to transport theory

In this section we study the stability of the essential or the critical spectrum of the
streaming semigroup when its generator is perturbed by the collision operator. In Theorem
3.6, we find again by a resolvent approach, an optimal result [19, Theorem 1 and Corollary1]
obtained recently by M. Mokhtar-Kharroubi by means of semigroup approach. We also answer
positively some open problems posed in [20] (see Remarks 3.9 and 3.11).

Let 1 < p < co. We consider the collision operator K as a mapping

K(): Q52— K(x) € LIV, ),

where

K(z): LP(V)2 p+— /k(a:,v,v’)@(v')du(v’) e LP(V).
1%

We assume that K(-) is strongly measurable, i.e.
Q5 xz— K(x)y € LP(V, ) is measurable for any ¢ € LP(V, u)

and
Q32— [[K(2)|L(zr(vy) is essentially bounded.

Then, we define a collision operator by
K:LPQ2x V)3 p— K(z)p(z),

where we make the identification LP(Q2 x V') := LP(Q; LP(V)). It follows from [19] that K €
L(LP(Q x V) and [|K || (zr(xv)) = esssup|| K (z)|lLzr(v))- In what follows we will use the
z€eQ

concept of regular operator:
Definition 3.1. [19] Let 1 < p < oo. A collision operator K is said to be regular if:

(i) {K(z); z € Q} is a collectively compact set of operators on LP(V), i.e.

{K(x)v; € QY| <1}
is relatively compact in LP(V).
(ii) For every ' € LV (V), {K'(z)y'; = € Q} is relatively compact in LP (V).
We recall:

Lemma 3.2. [19] The class of reqular collision operators is the closure in L(LP(2 x V') of
the subclass of collision operators with kernels of the form

k(z,v,v") = Zai(x)fi(v)gi(v/)v (3.1)
icl

with f; € LP(V), gi € LY (V) (3 + 2 = 1) and a; € L®(Q) (I finite).

1
p



3.1 Technical results

In order to apply the above stability results, our main task is to find sufficient conditions
under which (A7) holds. This will be provided by the following basic lemma:

Lemma 3.3. Let p = 2 and let Q) be convex. We assume that the collision operator is
regular, that the affine hyperplanes (i.e. the translated hyperplanes) have zero u-measure and
that o(x,v) is space homogeneous (i.e. o(x,v) = o(v)). Then for all v > wo(U(+))

IKR(v+iv,T)|| — 0 and ||R(v + iy, T)K|| — 0 as |y| — oc.

Before giving the proof, we recall:

Lemma 3.4. [17, Lemma 3.3, p. 39] Let p be a finite Radon on RN such that the affine
hyperplanes have zero p-measure. Then

lim sup p{v € RY;|v-e+e| <e} =0,

e=0 (e,e1)eSN
where e € RV, ey € R and SV is the unit sphere of RN+L

Proof of Lemma 3.3. It follows from the Resolvent identity
R(s+ 1y, T)— R(v+1iv,T) = (v —<)R(s + iy, T)R(v + ivy,T) for ¢,v > wo(U(+)),

that if lim,|_([[R(v +iv, T)K|| + | KR(v + iv,T)|) = 0 holds for some v > wo(U()), it
remains true for all ¢ > wp(U(+)). Thus it is no restriction to assume that v > 0 (with this
assumption the operator R(v + i) bellow will be well defined). We note that the operators
R(v+iv,T)K and KR(v +iv,T) depend continuously on K € L(L?*(Q x V)), uniformly for
v € R. Then, using Lemma 3.2, we may assume without loss of generality that the collision
operator K has a kernel of degenerate form, i.e. k(z,v,v") =3, ; ai(x)fi(v)gs(v") with f;(+),
gi(-) € L*(V) and oy(-) € L>®() (I finite). By density again, we may suppose that f;(-), g;(*)
are continuous with compact supports. We can (by linearity) also suppose that the last sum
contains one term, say a(x)f(v)g(v'). Let us show first

IR+ i7, T)K || — 0 as 5] — oc. (3.2)

We recall that R(\, T)p(z,v) = fOT(m’v) e~ Moty (g — tv,v)dt for ¢ € L2(Q x V), where
7(xz,v) = inf{s > 0; x — sv ¢ Q}. Hence the convexity of 2 allows to write

Rv+1y, T)K =RR(v + i, Tx)EK,

where € : L2(Q x V) — L?(RN x V) is the trivial extension (by zero) to RV x V, R :
L2(RN x V) — L2(2 x V) is the restriction operator and Tk, is the streaming operator on
the whole space RV x V with collision frequency o(v). Define K, as follows:

Ko :LPRY x V) 3 o /Xg(x)a(a:)f(v)g(v')gp(:n,v')d,u(v’) e L2 RN x V).
v

Then
RR(v +17,Too)EK = RR(v + 17y, To ) K €.

10



The operator R(v + iv, Teo) Koo splits as
R(v +iv, Too) Koo = MaR(v + i) My,

where
My: IRY V) 3 0 = ala)xala) [ ol v)g)du(v) € PERY),
1%

My : 2(RN x V) 3 o — f(v)p(z,v) € L2RN x V)

(the function ¢ is extended by zero outside of its domain) and
+00 . ~
R(v+iy): L*(RY) 3 ¢ — / ety — to)dt € LAHRYN x V)
0

where V is the support of f. Hence, it suffices to deal with R(v +i7). On the other hand, for
o € L2(RY), ¢ € L2(RN x V), the equation

¥ =R +i)e
is equivalent to
oY .
v-— oY+ V+ivy =9
oz
or equivalently
~ 1 N
Y= e,

(c(v)+v)+i(-v+7)

where ¢ and LZ are respectively the L?-Fourier transform of ¢ and 9 with respect to the space
variable. Let

¢(£)
(0(v) +v) +i(€-v+7)

R(v+iv) : L2 (RN) 3 (&) — e LARN x V).

Thanks to Parseval’s equality, it is sufficient to show that

|'yl|i£>noo HE(V + iv)H,_(Lz(RN),Lz(RNXv)) 0.

We have

1R +iolt = [ [

Now, our goal is to show

e B o 5 W Y e

11



uniformly for ¢ € RV, Let ¢ > 0 arbitrary. Introduce polar coordinates, in RV*1 (¢,7) =

|(§77)|(6761)7 €= 5/ V |§’2 + fy2 and €1 = 7/ V ‘§|2 +’YQ’ which give

1
| G

e

1
-/ (o) + 72+ (E + P o+ e )

PN{le-vter|<e}

1
« @) T2+ (P + PP (e v e )
Pn{le-vte1|>e}

< sup ———du(v
Lo COET ek
Pn{levter|<e}
1
d
*/ ) T2 + (P + pEe )
Pn{le-vter|>e}
= J1+ Jo.

According to Lemma 3.4, J; is arbitrarily small for € small enough. We choose ¢ small enough
and consider the second term Jy. The last is majorized by

u{V}
(€12 + |v[2)e?

which goes to zero as |y| — oo uniformly for & € RY. This ends the proof of (3.2). Now, we
have

KRy + i, T)[| = [ R(v — iy, T*) K7, (3-3)
where T™ is the adjoint of T" and is given by :
T : D(T") 9@'—>U-Zi—0’(?))(p€L2(QX V)
with D(T*) = {p € L2(Q x V);v- %2 € L2(Q x V), ¢, = 0}, where ['y = {(z,v) €
00 x Vi v-n(x) > 0}. Proceeding as above, we can prove that
[R(v =i, T*)K™[| = 0 as |y] — o0
which ends the proof in virtue of (3.3). [

The following proposition gives some necessary conditions, on the velocity measure u,
for the validity of Lemma 3.3.

Proposition 3.5. Let i be a finite Radon measure and let Q@ = RN. We assume that o = 0
and that

K:L*RY x V)3 ¢ /gp(a:,v’)d,u(v’).
\%4

If there exists a hyperplane H = {v € RN;v-€ = a} with positive u-measure, where € € SN~1
and a € (0,+00), then L
lim |R(v + iy, T)K| >0

[v]—00

for all v > wo(U(-)).
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Proof. As in the proof of Lemma 3.3 by the Resolvent identity, it is enough to prove the
lemma for v = 1. By the Fourier transform (see the proof of Lemma 3.3) this amounts to
showing that R
lim ||R(1+iv)| > 0. (3.4)
Iy|—o0

Indeed, if (3.4) is true, then there exist a normalized sequence (¢,,), C L*(RY) and (v,), C R
tending to 400 or —oo such that

sup | R(1 + in)énll > 0.
neN

By Parseval’s equality there exists a normalized sequence (¢,,), C L?(RY) such that

sup | R(1 + i) onl] > 0.
neN

Set Gn(2,v) = pn(x)/+/u(V) (with the notations of the proof of Lemma 3.3, V = V). Then

1Bull 2Ry vy = 1 and R(L + iy, TVE B = /u(V)R(L + in)p

Hence
|71|1m |R(1 4y, T)K|| > sup |R(1 + iy, T)K@n|| = v/ (V) Sup | R(1 + ivn)@nll > 0.
- ne ne

Let us show (3.4). For all n € N* define the normalized function

1
(&) = 71)(3(116 n(é) € L*(RY),
|B(0,1)]2
where |B(0,1)] is the volume of unit ball in RY and B(né, 1) is the ball centered at né with
radius 1. Then

R e e '?"U_m) du(o)de
RN V
|Pn (€
= //1+ (&-v—ne- v)2d,u(v)d§
N H
|¢n &)
= — 5 dp(v)dg
E==
>

[ [
RN H

I
T X

1+ |v\2
SO )
~ U
1RO = i) > [ ),
H
which finishes the proof. |



3.2 Stability of the essential spectrum
Our main result in this subsection is:

Theorem 3.6. Let p =2 and let Q be bounded (not necessarily convex). We assume that
1 s such that the affine hyperplanes have zero u-measure and that the collision operator is
reqular. Then V(t) — U(t) is compact for allt > 0 and consequently oess(V (1)) = 0ess(U(t))
for allt > 0.

Proof. We have to show that V' (t) — U(t) is compact for all ¢ > 0 or equivalently, by
[17, Theorem 2.6, p. 16], that U;(¢) is compact for all ¢ > 0. Uj(t) depends (linearly and)
continuously, in the operator norm topology, on the collision operator K. Then, using Lemma
3.2 and linearity we may assume that

K:L*(Qx V)3 ¢— a) / f)g()e(z,v")du(v'),

where f, g € L?(V), a € L®(R), and f, g and « are non-negative. Let d > 0 be such that € is
included in the ball B(0,d) := {x; |z| < d}. Let Ufl\/(t) stand for the operator U, (t) associated
to © = B(0,d), the collision frequency o = 0 and the scattering kernel ||||oo f(v)g(v'). Then
one can see that o

Ur(t) < RUL(t)E
in the lattice sense, where & : L2(2 x V) — L2(B(0,d) x V) is the trivial extension operator
while R : L2(B(0,d) x V) — L2( x V) is the restriction operator. So according to [6] the
compactness of ﬁl\/(t) for all ¢ > 0 implies that of Uj(t). Therefore, it is no restriction to
assume that

) is bounded and convex, and ¢ is space homogeneous.

In this case Lemma 3.3 with Lemma 2.1 guarantee us that 0 < ¢t — U;(¢) is norm continuous.
On the other hand, we know from [17, Theorem 4.1, p. 57] that K R(v +iv,T) is compact for
all v € R. Hence from Theorem 1.1, Uy (¢) is compact for all ¢ > 0. This ends the proof. N

Remark 3.7. For bounded (2, the essential spectrum of U(t) is provided in [19, Remark 2]:

Oess(U(1)) = {n € C; |ul < e},

¢
/0’ x — sv,v)ds, with 7(z,v) = inf{s > 0; = — sv ¢ Q}.
0

where \* = lim inf
=00 {(z,v); t<7(z,v)}

1
t

3.3 Stability of the critical spectrum

In this subsection we deal with the stability of the critical spectrum of U(t). We note
that the latter is described in [20, Theorem 7]. First, we consider

Convex spatial domains

Here we assume that the collision frequency is homogeneous, the non homogeneous case will
be treated hereafter.
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Theorem 3.8. Let p =2 and let Q be convexr (not necessarily bounded). We assume p is
such that the affine hyperplanes have zero p-measure, the collision operator is regular and the
collision frequency o is space homogeneous. Then the mapping 0 < t — V(t) — U(t) is norm
continuous and consequently oerit(V(t)) = oerie(U(t)) for all t > 0.

Proof. The proof follows from Theorem 2.2 and Lemma 3.3. |

Remark 3.9. Theorem 3.8 generalizes [20, Theorem 8] and answers positively Problem 2
in [20].

Arbitrary spatial domains

We have used a domination argument to prove the compactness of V' (t) — U (¢) when (2 is not
convex or the collision frequency o is not homogeneous. But when we deal with the norm
continuity of 0 < ¢ +— V(t) — U(t) it is clear that we cannot invoke a domination argument.
In the following, we take the advantage of the dissipativity of the streaming operator T in
order to remove the convexity assumption on €2 and the homogeneity assumption on o, in the
particular case where dju(v) = dv is the Lebesgue measure on RV,

Theorem 3.10. Let p = 2 and let Q be a (not necessarily conver) subset of R™Y. We assume
that the collision operator is regular, u is the Lebesgue measure and the collision frequency can
be approzimated in L>(2x V') by degenerate collision frequencies of the form Y, ; ol (z)o(v)
(I finite). Then oerit(V () = 0erit(U(t)) for all t > 0.

Proof. Since T is dissipative, from Lemma 2.8 and Lemma 3.13 below we get that
|IKR(v +iv,T)|| + ||R(v + 4y, T)K| — 0 as |y| — oo, for all v > 0.

This implies, by using Theorem 2.2, that o¢t(V(t)) = 0t (U(t)) for all ¢ > 0. |

Remark 3.11. Theorem 3.10 answers, at least for the Lebesgue measure, Problems 1

and 3 in [20] about the relevance of the convexity assumption on Q and the homogeneity
assumption on o.

Remark 3.12.  For a general (but abstract) criterion to approximate a collision frequency
by a degenerate collision frequencies see [18, Theorem A.4]. We note that this is possible, for
example, if Q 3 x +— o(z,-) € L>(V) is piecewise continuous.

Lemma 3.13. Under the assumptions of Theorem 3.10,
|K*R(v + iy, T)K|| — 0 and ||KR(v + iy, T)K*|| = 0 as |y| — o
for allv > 0.

Proof.  First, we note the following continuous dependence of R(v+i7,T) on the collision
frequency. Let T, T' be associated with o, o € L>(Q2 x V), respectively. Then

IR +i7, T) = R(v +i7, T)|| < Cullo = 5loo

15



for some positive constant depending only on v. Thus we may assume that o is of the degen-
erate form, i.e. o(z,v) = > ,.; 0t (x)ob(v) with I finite. On the other hand, the operators
K*R(v +iv,T)K and KR(v + ivy,T)K"*, depend linearly and continuously, in the operator
norm topology, on the collision operator K uniformly for v € R, then, according to Lemma
3.2, it suffices to prove that

[K1R(v + i, T)Ka|| — 0 as [y| — oo,
where K;, i = 1,2, has the form

Ki:L*(QxV)3p /ai(x)fi(v)gi(v/)go(x,v’)dv/ e L*(QxV)

with a; € L>(Q) and f;, gi € L*(V). Moreover, by density one may assume that f; and g;
are continuous functions with supports in VN {v;é < |v| < 1/0} for some fixed 0 < § < 1. In
this case, one easily sees that K; R(v + iy, T) K2 is decomposable as

K\R(v+ i, T)Kz = 0Q(7)P

with
P:L*(QxV) 3¢ as(z) /gg(v)go(x,v)dv e L*(Q),
v
O:L*(Q) 3¢ — ay(x) f1(v)Y(z) € L2(Q x V)
and

7(x,v)

R
—t(v+iy)— o(z—sv,v)ds
QM) : L*(Q)3 ¢ — / / e h(v)p(z — tv)dtdv € L*(Q),

where h = g1 fo. By the change of variable y = = — tv we get

00 R
—t(v+iv)— o(z—s=Y, = Y)ds o — Y dt
= //e 0 L (e — wey) ey,

where all functions are extended by zero outside of their domains and

(2,0) = 1 if 1 <7(z,v),
XY= 0 otherwise.

Set
/ t(V—i—z'y— o(z+z—s%,7)ds ((E) dt
e )N
0
Then one sees that
QUp@)| < / Ny (@ — 3, 9) lo(y) dy
< / sup [Ny (@ — . ) lp(y) dy
zeRN
RN
< (sup [Ny (-, 2)]) * lo()|(),
z€RN
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so by [4, Theorem IV.15]

QU < | sup [Ny (-, 2)|l[ L1y
2€RN

Thus it remains to show

[Isup [N (5 2)[ [l gy = 0 s |y — oo

2eRN
First, observe that
o9 P ) R
t . —tv—t ie1 05(%) ol (z+z—sx)ds
N¢x¢)=u/xm§#)eﬂﬁe (Mierei ot )mfyu

—00
and that for every x € RY the set
{S,. € L'(R); z € RV},

where

P ) R
X[O,m[(t) —tv—t cr05(%) oj(ztz—sz)ds g

S(E,Z teR— Te 0 h(;),

is relatively compact in L'(R). Indeed, let (2,), be a sequence in RY. Pick a subsequence

(2n, )k such that

1
/Gi(x+znk—sx)d8—>c§; as k — oo for all i € I.
0

By the dominated convergence theorem the sequence (S, ., )i converges, in L'(R), to the

function

7an

oof (t P
Xoool ) s

QTN X
teR ier 95(P)eap (2,
- (7)

So according to Riemman-Lebesgue’s lemma we get

%s) R
. —tv—t o(ztz—sz,)ds (dt
e e 0 h(=)— — 0 as |y| — o
/ () o —0as
0

uniformly for z € RV, i.e.

sup |Ny(z, 2)] = 0 as 1] — oo
2€RN

for all . By the dominated convergence theorem again we conclude that

| sup [Ny(-, 2)|llr@nvy — 0 as |y] — oo,
z€RN

which ends the proof. |

Remark 3.14. The results of this section can be extended, by density arguments (Lemma
3.2) and interpolation, to L spaces (1 < p < 00).
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3.4 Further Extensions

In neutron transport equations it may happen that the collision operator K is a sum
of several operators. This occurs in nuclear reactor theory for solid moderators, where the
collision operator is a sum of (an incoherent part) K; and (a coherent part) K. where K;
is compact in L?(V) while K, is not [5]. It is also the case in [12, 23] where K consists of
three terms: the first, K., is that given by (1.10), the second term, K, is a singular nilpotent
operator, and the third term, Ky, describes the elastic scattering which is "not compact in
velocity”. On the other hand if, for instance, K € L(L?(V)) is not power compact then
the terms U, (t) are never compact (see [17, Chapter 4]). These facts motivate M. Mokhtar-
Kharroubi to state the following problem ([17, Problem 3, p. 93]): Let K = K; + K> be
a collision operator such that Ky is regular. Find (an estimate of) the essential type of the
semigroup (V' (¢)):>0 generated by 7'+ K.

Before answering this problem, let us first remark that, for v large,

KQR(V + 4y, T + Kl)
= (KoR(v+iy,T)(v + iy =T — K1) + KoR(v + 7, T) K1) R(v + i, T + K1)
= KyR(v+1iv,T)+ KoR(v + iy, T)K1R(v + iy, T + K3). (3.5)

Similarly,
Rv+ivy, T+ K1)Ko = R(v+iv,T)Kos + R(v +iv, T + K1) K1 R(v + iy, T)K2.  (3.6)
Let us denote by (W (t))¢>0 the Cp-semigroup generated by T'+ K;. We have:

Theorem 3.15. Let p = 2 and let K = K1 + K5 be a collision operator such that Ko is
regular.

(a) Let p be such that the affine hyperplanes have zero p-measure.

e If Q is convex and bounded and if the collision frequency is homogenous, then oess(V (1)) =
Oess(W(t)) for all t > 0.

o If Q is convex and if the collision frequency is homogenous, then oerit(V (t)) = 0erie(W (1))
for allt > 0.

(b) Let u be the Lebesgue measure, and let the collision frequency be as in Theorem 3.10.
Then cerit(V(t)) = oerit(W(t)) for all t > 0.

Proof. = We start with the second part of (a). Using Lemma 3.3, (3.5) and (3.6), we get
|KoR(v + iy, T + Ky)|| + |R(v + iy, T + K1) Kz|| — 0 as |y] — oo,

which proves, by invoking Theorem 2.2, the second part of (a). Moreover, if € is bounded,
then according to [17, Theorem 4.1, p. 57] KoR(v + i7,T) is compact, and hence by (3.5),
KoR(v + iy, T + K;) is compact too. Theorem 2.3 ends then the proof of the first part of
(a). Since T is dissipative, by Lemma 2.8 and Lemma 3.13 we have

|KoR(v + i, T)| + ||R(v +iv,T)K2|| — 0 as |y| — oo for all v > 0.
Then by (3.5) and (3.6)
IK2R(v + iy, T + Ky)|| + || R(v + iy, T + K1) Ks|| — 0 as |y| — oo for all v > 0.
Finally, Theorem 2.2 ends the proof of (b). |
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Remark 3.16. If Q is convex and bounded, Theorem 3.15 provides, in particular, an
estimate for the essential type of (V(f))i>0: wess(V(:)) = wess(W(+)). Actually, if K is
positive in the lattice sense, then by the L. Weis’s result [32] on the identity of the type of
positive semigroups on LP spaces and the spectral bound of its generators we have wess(V(+)) <
s(T + K1) (the spectral bound of T'+ K7). The latter can be an equality (see [23]).

Remark 3.17. We point out that Theorem 3.15 holds regardless of the nature of the oper-
ator Ki. This shows how much the resolvent approach can appear powerful for dealing with
the stability of the essential and critical spectra, especially when the unperturbed semigroup
is not explicit.

Remark 3.18. By interpolation arguments, Theorem 3.15 remains true in LP-space (1 <
p < 00) if K» is regular and if Ky € (1,51 £(L?(€2 x V)) or it can be approximated by such
operators. See [23] for collision operators satisfying this property.
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